A mathematical model considering female and male individuals is proposed to evaluate vaccination strategies applied to control of HPV transmission in human population. The basic reproductive number of the disease, R 0 , is given by the geometric mean of the basic reproductive number of female and male populations. The model has a globally asymptotically stable disease-free equilibrium whenever R 0 < 1. Furthermore, it has an unique endemic state when R 0 exceeds unity which is globally asymptotically stable. Numerical simulations were done to compare several different vaccination schedules. The results showed that the vaccination strategies that do not include vaccination of men can only control the disease if more than 90% of women are vaccinated. The sensitivity analysis indicated that the relevant parameters to control HPV transmission, in order of importance, are vaccine efficacy times the fraction of population that is vaccinated, disease recovery-rate, and disease transmission rate. Therefore, health politics that promoting the increase of vaccine coverage, and screening for the disease in both population can improve disease control.
INTRODUCTION
Human Papillomavirus (HPV) is a sexually transmitted infection common in young sexually active individuals. It is projected that between 50 to 80% of these individuals will acquire the infection during their lives. Global prevalence in women is estimated to be around 10.4%, ranging from 2 to 44% [5] . Most HPV infections are asymptomatic and self-limited. The natural recovery from infection could take from months to years, and the dominant immunological response involves neutralizing antibodies [11] . Around 10 to 20% of infections persist and they are strong associated with the development of cervical cancer in women as well as genital and anal cancer in men [4, 14] .
Bivalent, quadrivalent and nonavalent prophylactic vaccines against HPV types 16/18, 6/11/16/18, and 6/11/16/18/31/33/45/52/58, respectively, are already available [16] , with vaccine efficacy ranging from 43 to 93% [13] . The bivalent and quadrivalent vaccines were licenced in 2006 only for women, and from 2009 the quadrivalent vaccine was also licenced for men. The nonavalent vaccine was licenced for males and females in 2014 [1] .
Initially the vaccines were applied in a 3-dose schedule, but currently a 2-dose schedule with six months apart is enforced [7] . The change in vaccination schedule was due to evidences that the antibody response generated after 2 dose is enough to prevent virus infection [21, 22] ; besides vaccination cost is significantly reduced in this 2 dose-scheme. Vaccination target-individuals are between 9 to 14 years age [5] because exposure to infection is higher at younger ages, with a peak after the debut of sexual activity.
Data from cohort of vaccinated individuals suggest that the vaccine offers protection for at least 10-12 years [9, 15] . Moreover, unlike natural infection, the vaccine confers crossprotection against heterologous HPV types. It is interesting to mention that reduction of HPV 6/11/16/18 infection, genital warts, and cytological cervical abnormalities have been reported in the post-vaccination era [10] .
Theoretical studies have been done to understand the epidemiological aspects of HPV infection. In particular, mathematical models have played an important role in estimating the impact of vaccination on HPV transmission. Some examples are [2, 3, 8, 17, 20] . In general, these works explore the impact of vaccination on HPV types that interacted in a synergistic or antagonist way. They concluded that vaccination can increase (competing types of virus) or decrease (synergistic interactions) the prevalence of the non-target type depending on the type of the interaction among virus [8] . Both benefit of male vaccination and behaviour change were discussed by measuring its impact on R 0 ; when waning immunity is included in the model, disease elimination is more difficult to be achieved [3] . Heterogenity in disease tranmission rate associated with class age, and age-dependent impact of vaccination were also adressed. In this case, the model was parametrized using data from Toronto, Canadá. They concluded that vaccination of a single age cohort in one gender can eventually control the spread of the disease across age groups [2] . Combined impact of pap cytology screaning and mass vaccination was assessed to show that this approach can decrease disease prevalence faster that only vaccination [17] . Susceptibility to HPV infection and risk of developing cancer were used to divide the population in two groups; and the vaccine was applied to the first group. The authors showed that in a scheme of three-doses vaccine, compliance is very important to achieve disease eradication, and sensitivity analysis showed that disease transmission probability is the most important parameter that impacts R 0 .
In this work we formulate a simple model that mimics HPV transmission in a sex-structured population where 2-dose vaccination schemes are implemented. Our purpose is to compare the impact of different vaccination programs on disease prevalence. Following the epidemiology of the infection, the female and male populations is divided in susceptible, infected, vaccinated and recovered individuals. The HPV basic reproductive number associated to the each sex is obtained, numerical simulations exemplify disease transmission dynamics and captures disease prevalence, and a sensitivity analysis highlights the most important parameters associated to R 0 . The full analysis of the steady states is done. This simple model captures disease dynamics and can be used to discuss strategies of HPV control, highlighting the important parameters related to the disease transmission, geographic diferences in disease prevalence, and target groups.
The paper is structured as follows. In section 2 a model is formulated to describe the HPV transmission given a vaccination schedule. It is assumed that the vaccine or the natural infection induces long-lasting immunity; besides, two doses are required to protect individuals from getting the disease. In section 3 the existence and stability of the model equilibria is investigated. In section 4 numerical simulations and a sensitivity analysis are carried out to evaluate the disease control strategies. Finally, the discussion is given in section 5.
FORMULATION OF THE MODEL
We denote byN h the human population sexually active that comprise individuals between 9 to 69 years at time t. This population is further sub-divided into two groups: females,N f and males, N m which are recruited at constant rates Λ f , and Λ m , respectively, and are subject to a constant mortality rate µ. Then,N f , andN m grow according to
The model subdivide the female (f) and male (m) populations according to the epidemiology of the infection into susceptible individualsS f andS m ; individuals that receive the first and second dose of the vaccine,V f andV m ; infected individuals with HPV,Ī f ,Ī m ; and recovered individuals, Z f ,Z m . We want to emphasize that the reason why the model only consider a single class of vaccinated for each sex is because both doses are applied before the individuals become sexually active, and the probability of being infected during the period between the two vaccinations is practically null.
We assume that a proportion σ f 1 and σ m 1 , respectively, of women and men in the age range of 9 to 14 are vaccinated for the first time, and six months later, a proportion σ f 2 , σ m 2 of these women and men receive the second dose. We denote by ε 1 , and ε 2 the efficiency of the first and second dose of vaccine, that is, the fraction of individuals that are protected against the infection. According to the demographic assumptions given above, q = e −µη with η = 6 denotes the probability of an individual to survive up to six months. Therefore, Λ i ε 1 σ i 1 qε 2 σ i 2 , with i = f , m, are the number of individuals per unit of time of each sex that are successfully vaccinated for the first time, survived up to six months (interval between vaccine doses), and completed the vaccination schedule taking an efficient second dose. These individuals are fully protected and have lifelong immunity. Observe that Λ i ε 1 σ i 1 (1 − qε 2 σ i 2 ), i = f , m are the number of individuals of each sex that only get the first doses.
Susceptible women and men can be infected at rates p f c f β f /N m , and p m c m β m /N f , respectively, where c i is the number of sexual encounters per year, β f , β m are the infection transmissions (probability that an infectious contact gives rise to an infection) from men to women and from women to men, respectively, and p i = e −µη i , with i = f , m, are the proportion of individuals that survives until age η i and become sexually active at this age. This susceptible group comprises individuals that did not receive the vaccine, individuals that received only one dose, and individuals that receive two doses but do not developed protective immunity. The infected women and men recover at rates γ f , and γ m , respectively. Figure 1 shows the diagram of the compartmental model. According to the above assumptions we obtain the following system of ordinary differential equations that mimics the dynamics of HPV transmission and vaccination:
From equation (2.1) we can see that
Then, the feasible region is given by
To facilitate the analysis and interpretation of results, we take proportions 
and
ANALYSIS OF THE MODEL
3.1 Disease-free equilibrium and R 0
The model (2.3) has the disease free equilibrium,
This equilibrium corresponds to the state where both populations of men and women are free of HPV infection. From the first and fourth equations of system (2.3) it can be seen readily that
The Basic Reproductive Number, denoted by R 0 , represents the average number of secondary cases that one primary infective individual generates over the course of its infectious period in a whole susceptible population. It is a threshold condition that determines when an epidemy can occur, or when a disease can remain endemic. If R 0 < 1, the disease dies out; otherwise if R 0 > 1 the disease persists. In [6] , the basic reproductive number of a disease is mathematically defined as the spectral ratio of the next-generation operator associated to the disease-free equilibrium. The next-generation operator corresponding to model (2.3) is given by the product of two matrices: the non-negative matrix of the new infection terms in the susceptible population denoted by K, and the inverse of the matrix of the transfer terms denoted by T , which are given by
respectively. Then, it follows that
and ρ denotes the spectral radius of KT −1 .
Using Theorem 2 of [23] , the following result is established.
Lemma 1. The disease-free equilibrium, P 0 of model (2.3) is locally-asymptotically stable (LAS) whenever R 0 < 1, and unstable if R 0 > 1.
The above lemma shows that VPH infection can be effectively controlled if the initial populations of the model are in the basin of attraction of the disease-free equilibrium. To ensure the elimination of disease regardless of initial population sizes, a global stability proof for the disease-free equilibrium is needed. This is done below, using a suitable Lyapunov function.
Theorem 1. Let R 0 < 1, then the disease-free equilibrium, P 0 , of model (2.3) is globally-asymptotically stable (GAS) in Ω.
Proof To prove this statement consider the following function defined in Ω.
which is less or equal to zero in Ω. We see thatV = 0 if and only if I m = 0. From system (2.3) it can be seen that
is the disease-free equilibrium P 0 . Therefore, from the LaSalle-Lyapunov Theorem [12] it follows that all trajectories starting in Ω approach P 0 .
The epidemiological implication of the above result is that the disease will be eliminated from the community if R 0 < 1, regardless of the initial number of infected individuals.
Existence and stability of endemic equilibrium point
The endemic equilibrium is given by
,
.
This equilibrium corresponds to the state where the disease is endemic in both populations of men and women. Then we have the following result.
Theorem 2. For R m R f > 1, or equivalently R 0 > 1, there exists a unique endemic equilibrium P 1 .
Global stability of the endemic equilibrium P 1 is proved next using a suitable Lyapunov function.
Theorem 3. Let R 0 > 1, then the endemic equilibrium P 1 of system (2.3) is globally asymptotically stable.
Proof. Assume R 0 > 1. To prove the global stability of the equilibrium P 1 = (S * f , a f , I * f , S * m , a m , I * m ), we will show that the function
with d i > 0, i = 1, ..., 6, is a Lyapunov function for the equilibrium P 1 , that is:
∈ Ω, and W(P 1 ) = 0, ii) The orbital derivativeẆ(X) < 0.
It is clear that the function W satisfies condition i). To prove ii) we calculate the orbital derivative of W which is given bẏ
From system (2.3) at equilibrium we obtain the following relations after several calculations and simplifications, we obtain thatẆ can be written aṡ
Using the fact that the arithmetic mean is greater or equal to the geometric mean, it can be readily seen that the last term is less than zero, and it is zero if and only if (S f ,V f , I f , S m ,V m , I m ) = P 1 . It follows thatẆ(X) ≤ 0, andẆ(X) = 0 if and only if X = P 1 . Therefore, trajectories in the interior of Ω approach P 1 .
NUMERICAL SIMULATIONS AND SENSITIVITY ANALYSIS
In this section we present the numerical simulations of system (2.3) and a sensitivity analysis of R 0 using the parameter values given in Table 1 (unless otherwise stated) to evaluate the prevalence of the disease as well as the effectiveness of several vaccination strategies. Figure 3 that disease is endemic for both male and female population although R m = 0.98 < 1; on the other hand, the disease can dies out from the population, even when R f > 1 or R m > 1 as it is shown in Figure 4 , where R f = 1.26. Figure 6 shows the partial rank correlation coefficient (PRCC) obtained from a global sensitivity analysis [18] . The input parameters were sampled using the latin hypercube sampling with 4, 9, 11, 14, 16, 19, 21, 22] . 16, 19, 22] , c f β f =Unif(0.0073,0.0123) days −1 [4, 14] , c m β m =Unif(0.0053,0.0097) days −1 [4, 14] , η f = η m =Unif (14, 20) years [19] , and γ f = γ m =Unif(0.0013,0.0055) days −1 [11, 21] where Unif means the uniform probability distribution. The other parameters are µ = 3.65 × 10 −5 days −1 and η = 6 months [9] . We run 5000 simulations that correspond to different input parameter sets, and the output chosed for the sensitivity analysis is R 0 . Figure 7 shows the disease prevalence versus the proportion of immunized females, σ f 1 σ f 2 (assuming that ε 1 ε 2 = 0.9), where the disease prevalence is defined as the proportion of infected females and males in the steady state, I * f + I * m . Each curve in the figure corresponds to a chosen proportion of immunized males, σ m 1 σ m 2 . 
Parameter Description
ε 1 ε 2 σ f 1 σ f 2 = ε 1 ε 2 σ m 1 σ m 2 = Unif(0,0.9) [1,γ m = γ f .
DISCUSSION
Routine vaccination against HPV started in 2006 as a 3-dose schedule targeting women from 11 to 25 years. But, although all effort made by the health authorities to convince people about the importance of vaccination, the number of individuals taking the third dose was very small. Due to this, and to the discovery that with a 2-dose schedule the antibody titters are enough to promote protection for at least 10 to 12 years, a 2-dose scheme was implemented for females from 9 to 14 years with an interval of 6 months between doses. Besides, vaccination was also implemented in men with the objective of increasing herd immunity.
In this work we model HPV infection dynamics considering female and male population from 9 to 69 years old. The recruitment of susceptible individuals comprises boys and girls between 9 to 14 years old. This class of age is suppose do not yet had it sexual debut (this is the premise of the vaccination strategy currently in course). The proportion of the susceptible population that participates in the transmission chain consist of: (i) individuals that did not receive the vaccine, (ii) individuals that received only 1-dose, (iii) and individuals that receive 2-dose, but did not reach levels of protective immunity. Individuals that are successfully immunized are assumed to be life-long protected (the HPV vaccination was started in 2006 and until now the individuals immunized still showing high level of antibodies). Infected individuals recover (spontaneous or with treatment) from infection after a period of time; natural infection also induces long-lasting immunity.
Our main objective was to explore the effectiveness of a vaccine schedule implemented in young population. For this, a deeply search in the literature was done to construct Table 1 which summarize the important parameters related to disease transmission. We found an expression for the basic reproductive number of the disease, R 0 , corresponding to the average of the basic reproductive numbers of female and male population R f , and R m , respectively, which in turn depend on the parameters that characterize virus-host dynamics and vaccination efficacy. Thus, if R 0 < 1 the disease dies out; otherwise if R 0 > 1 it persists. Persistence of the disease occurs when one of the populations (or both) is an infection source, i.e. R m > 1 or R f > 1 (see Figures 1-4 ). Our findings show that control strategies that include even a small percentage of boys increase significantly the herd immunity, and therefore reduce the disease prevalence (see Figure 6 ). Therefore, the best strategy to control HPV is to vaccinate girls and boys.
We performed a sensitivity analysis to identify the key parameters affecting disease prevalence (see Figure 5 ). Our study indicates that increasing both vaccine efficacy, ε 1 ε 2 , or vaccination compliance, σ f i σ f i i = f , m, is more efficient than decreasing transmission rate c f β f or c m β m . In particular, the contribution of male and female transmission rates in R 0 , are almost equal, which emphasize the importance of including the boys as a target population for vaccination. The second more important parameter in disease control is early clearance of the virus either by the immune system, or by treatment (by reducing γ i , see Figures 5 and 7) . Finally, a delayed of age of sexual debut negatively impacts R 0 ; and it can explain the variability of disease prevalence among regions as well as social/economic groups. This information could help to design the minimum age of vaccination, and to emphasize vaccination campaign among target groups.
